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Introduction

I N trajectory optimizationand synthesis of initial-valueand two-
point boundary-valueguidance and control laws, most applica-

tions of the Euler–Lagrange � rst-variation necessary conditions of
the calculusof variationshave led to asymptoticallyunstablecostate
differentialequationsand, hence,unstablebehaviorof system phys-
ical states.This instabilityhas been most troublesomewhen solving
for long-durationextremal arcs, particularlywhen signi� cant state-
dependent nonlinear forces act on the � ight vehicle. For example,
the purposemight be to design minimum fuel consumptiontrajecto-
ries for cruising � ight of a high L=D aircraft; the optimum solutions
may involve sustained phugoidal oscillations, but that behavior can
be obscured by rapid costate divergence.

This EngineeringNote introducesa method for stabilizingcostate
differential equations via analytical phase adjustment of the time-
varying costates. The method employs a time-varying phase-
adjustment parameter. For a given model of the vehicle dynam-
ics, a necessary lower bound on the phase-adjustment parameter is
derived, and a stronger suf� cient condition is suggested. For sim-
plicity, the subject is here presented in the context of a � rst-order
one-dimensionalsystem,but extensionto multidimensionalsystems
is straightforward.

Consider � rst a one-dimensionalguided object (such as a sled or
railcar) that moves horizontallyon a straight path and has the linear,
time-invariant state equations:

PV C a1V D bT (1)

Px D V (2)

where x is position, V is velocity, T is thrust (positive in the direc-
tion of positive V ), a1 is a constant coef� cient of friction (a1 > 0),
and b is a constant reciprocal of mass (b > 0). Let the criterion of
performancethat is to be minimizedby a positioningand/or velocity
guidance system be

Z t f

t0

F1.T; V; PV ; Px/ dt

where t0 and t f are initial and � nal times and

F1 D ¡3V 2 C T 2=K C ¸1. PV C a1V ¡ bT / C ¸2. Px ¡ V / (3)

3 and K are constant Lagrange multipliers, and ¸1 and ¸2 are, in
general, time-varying Lagrange multipliers (costates) used to in-
troduce their respective anholonomic subsidiary conditions from
Eqs. (1) and (2).
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The Euler–Lagrange� rst-variationnecessaryconditionsprovide,
for t0 · t · t f ,

T D bK ¸1=2 (4)

P̧
1 D a1¸1 ¡ 23V ¡ ¸2 (5)

P̧
2 D 0 (6)

Therefore,

PT D a1T ¡ bK .3V C ¸2=2/ (7)

wherein ¸2 is constant.
The time responsesof the system comprising the plant of Eqs. (1)

and (2) and the guidance law of Eq. (7) are

T D ¡[.bK ¸2=2/=!][sin !t C .a1=!/.1 ¡ cos !t/] (8)

V D ¡[.bK ¸2=2/=!].1 ¡ cos !t/ (9)

x D x0 ¡
£¡

b2 K ¸2

¯
2
¢¯

!2
¤
[t ¡ .1=!/ sin !t ] (10)

in which, if 3 > ¡a2
1=.b2 K /, then ! D .a2

1 C b2 K 3/1=2 , and the so-
lution is oscillatory. To solve the two-pointboundary-value(TPBV)
guidanceproblem, it is convenientto take t f D t0 C ¼=!, providinga
maneuver durationequal to one-half of the oscillatoryperiod.Then,
if T0 D T f D 0 and V0 D V f D 0, one has x f D x0 ¡ ¼b2 K ¸2=.2!2/,
so that

¸2 D ¡
2.x f ¡ x0/

¡
a2

1 C b2 K 3
¢ 3

2

¼b2K
(11)

With the solution structured in this way, oscillation is not of prac-
tical signi� cance. Matters are not so simple, however, for linear
time-varying (LTV) and nonlinear plants, which can exhibit rapid
aperiodic or oscillatory divergence because of costate instability.

To see this, in place of Eqs. (1) and (2) next take the following
nonlinear, time-invariantstate equations,which are written with the
assumption that a2; V; and T are all positive semide� nite:

PV C a2V 2 D bT (12)

Px D V (13)

The a2V 2 term is suggestive of air resistance acting on a � ight
vehicle. We use the criterion integrand

F2 D ¡3V 2 C T 2=K C ¸1

¡
PV C a2V 2 ¡ bT

¢
C ¸2. Px ¡ V / (14)

Equations (3) (F1) and (14) (F2) are conventional criterion inte-
grands; the quadraticguidanceeffort penalty, T 2=K , with K > 0, is
consistent with Legendre second-variation tests, and the terms in-
troducedby ¸1 and ¸2 pertain to the plant dynamics and kinematics.
Traditionally, the ¡3V 2 term is used with positive 3 to engender
high kineticenergyand enhancedaerodynamiccontrollabilityalong
the extremal path.

Using F2 , one again obtains Eqs. (4) and (6), but now the costate
differential equation (DE) becomes

P̧
1 D 2a2V ¸1 ¡ 23V ¡ ¸2 (15)

and, therefore, the guidance law is

PT D 2a2V T ¡ bK .3V C ¸2=2/ (16)

The system represented by Eqs. (12), (13), and (16) exhibits diver-
gent behavior. The divergence can be so rapid that the usable time
horizon is insuf� cient for practical application. Fortunately, diver-
gence can be eliminated by phase adjustment of the costate DE,
Eq. (15).
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Costate Phase Adjustment and Stability
In Eq. (15), replace ¸1 by a phase-adjusted costate vari-

able, ¸1 C ¿ ¤ P̧
1 , where ¿ ¤ is a potentially time-varyingparameter to

be determined by the needs of stability. Thus,

P̧
1 D 2a2V

¡
¸1 C ¿ ¤ P̧

1

¢
¡ 23V ¡ ¸2 (17)

Because ¸1 D 2T=.bK /, Eq. (17) becomes

PT D
¡2a2V T C bK .3V C ¸2=2/

2a2V ¿ ¤ ¡ 1
(18)

Thus, if

¿ ¤ D Q=.2a2V / (19)

in which Q is a constant, one has the LTV thrust-command DE

PT D a.t/T C Á.V / (20)

wherein

a.t/ D ¡ 2a2V

Q ¡ 1
(21)

Á.V / D
bK .3V C ¸2=2/

Q ¡ 1
(22)

Our interest is in the stabilityof Eq. (20). Consider,� rst, thea.t/T
term in this equation; it is known that PT D a.t/T is stable if a.t/ < 0
for any � xed t > t0 and if j Pa.t/j is suf� ciently small.1 For positive
V , a.t/ < 0 for any � xed t if Q > 1, that is, if ¿ ¤ > 1=.2a2V /.
Q determines j Pa.t/j; when Q is increased, j Pa.t/j may be made
arbitrarilysmall. However, there can be a cost associatedwith use of
Q values substantiallygreater than unity, becauselarger Q produces
slower responses, requiring longer maneuver durations, t f ¡ t0 .

The stability thresholdson Q and j Pa.t/j are closely related; from
Eq. (21)

Pa.t/ D ¡
2a2

PV .t/

Q ¡ 1
(23)

so that [see Eq. (12)]

Pa.t/ D ¡
2a2

£
bT .t/ ¡ a2V 2.t/

¤

Q ¡ 1
(24)

Provided Q > 1, thrust limiting may be employed to impose a max-
imum bound, j Pamax j, on the magnitude of Pa.t/. For nonnegative T ,
the thrust bounds (which open wider as Q is increased) are

Tmax D
£
a2V 2 C jPajmax.Q ¡ 1/

¯
.2a2/

¤¯
b (25)

Tmin D
£
a2V 2 ¡ jPajmax.Q ¡ 1/

¯
.2a2/

¤¯
b (26)

Because of its inherent nonlinear character, thrust limiting may not
be a good means for ensuring stability: Proper sizing of Q is gener-
ally preferable because of its linear action on the system.

We have seen that Q must exceed unity. One can also establish
larger lower bounds on Q that satisfy the suf� ciency requirement
on j Pa.t/j. As a � rst guide (in the TPBV problem), one may consider
the average value of PV , that is, PVav D .V f ¡ V0/=.t f ¡ t0/, giving an
average Pa during the maneuver of

Paav D ¡
2a2.V f ¡ V0/

.t f ¡ t0/.Q ¡ 1/
(27)

From simulation results to be presented,

t f ¡ t0 ¼ c0 C c1¿
¤
f D c0 C

c1 Q

2a2V f

(28)

where c0 and c1 are ad hoc constants. Equation (27) now becomes

Paav ¼ G1=[.Q ¡ 1/.2c0a2V f C c1 Q/] (29)

Paav ¼ G1=.AQ2 C B Q C C/ (30)

in which

G1 D ¡4a2
2 V f .V f ¡ V0/ (31)

A D c1 (32)

B D 2c0a2V f ¡ c1 (33)

C D ¡2c0a2V f (34)

Thus,

jQ ¡ R1jjQ ¡ R2j ¼ jG1j=j Paavj (35)

where R1 and R2 are the rootsof the quadraticexpressionin Eq. (30),

R1;2 D G2

¡
1 §

p
1 C G3

¢
(36)

which uses the further de� nitions,

G2 D 1
2

¡
c0a2V f

c1

(37)

G3 D
2c0a2V f

c1G2
2

(38)

Equation (35)may be solvedfor the largerof two Q values,given the
prescribed j Paav j, or the relationshipsbetween Q and j Paav j or between
Q and the peak j Paj can be established empirically via simulations
(shown subsequently).

In the case of initial-value formulations, particularly for maneu-
vers of long duration, the system must also exhibit stable responses
to changes in V . Linearizing Eq. (20) at the operating point (T ; V ),
one obtains

d.1T /

dt
D .¡2a2T C bK 3/1V ¡ 2a2V 1T

Q ¡ 1
(39)

in which 1T and 1V are small perturbations in T and V , respec-
tively. For long-term speed stability, it is necessary that Q > 1 and
.¡2a2T C bK 3/ < 0, that is, T > bK 3=.2a2/.

Costate stability is necessary but may not be suf� cient in every
case for system stability. In the present example, the system com-
prises the nonlinear, time-varying DEs of Eqs. (12) and (20). To
verify the stability of this system, differentiate Eq. (12) to obtain

RV C 2a2V PV D b PT (40)

where, from Eq. (20)

PT D
¡2a2V T C bK .3V C ¸2=2/

Q ¡ 1
(41)

Substituting for T from Eq. (12), one has

PT D
¡2a2V

¡ PV C a2V 2
¢¯

b C bK .3V C ¸2=2/

Q ¡ 1
(42)

and therefore

RV D a.t/
¡
Q PV C a2V 2

¢
C

b2 K .3V C ¸2=2/

Q ¡ 1
(43)

Therefore, the total system of Eqs. (12) and (20) is made stable
by satisfying the same conditions required for stabilization of its
costate DE.

The costate phase-adjustment parameter ¿ ¤ has the dimension
of time. For this application [the plant of Eqs. (12) and (13)], it is
convenient to think in terms of a characteristic length, ` D ¿ ¤V D
Q=.2a2/, that is being held constant. The costate phase adjustment
uses a variable lead time ¿ ¤ that keeps ` � xed as V changes.

Simulation Results
Equations (12), (13), and (20–22) have been used in a simulation

with the physica parameter values a2 D 2 £ 10¡5 and b D 2 £ 10¡4.
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Heun’s integration method was employed with a time step of
1t D 0:001 s, tested by comparison with Euler integration using
1t D 10¡6 s. The value of K was 1:0.

Increasing-velocityand decreasing-velocityruns were made us-
ing 3 D 0 and Q values of 1:01; 1:1; 2; and 11: The boundary
conditions for the increasing-V runs were as follows: start, t0 D 0,
V0 D 300, and T0 D 9000, that is, PV0 D 0; and � nish, t f to be deter-
mined (TBD), V f D 500, and T f D 25,000, that is, PV f D 0. For the
decreasing V runs, the boundary conditions were as follows: start,
t0 D 0, V0 D 500,and T0 D 25,000,that is, PV0 D 0; and � nish, t f TBD,
V f D 300, and T f D 9000, that is, PV f D 0. Additionally, constant-V
runs were performed.

To achieve the prescribed � nal conditions for given 3 and Q, a
manual search was made for the appropriate ¸2 (which was a dif-
ferent constant for each run). The manual search achieved a � nal
velocityprecisionof 1% or better in each run. (An automated search
could have been used to obtain greater precision had that been nec-
essary.) During each run, at such time as jV f ¡ V j tested less than
or equal to 0:01V f , the value of t f was recorded and the thrust
was immediately set to the known a priori value of T f , after which
integrationof the PV equationproceededuntil solutionhalt at 1000 s.

The Q D 1:01 runs exhibited the greatest thrust and j Paj peaks.
Table 1 summarizes¸2 and t f vs Q for the 3 D 0 runs. Figures 1–

3 show representative system time responses for the increasing-V
cases. (The response for Q D 1:01 was virtually the same as shown
for Q D 1:1.)Figure 4 shows tradecurvesofmaneuverduration(t f ¡
t0) vs Q ¡ 1 for the increasing-V (lower curve) and decreasing-V

Table 1 Multiplier ¸2 and tf vs Q for ¤ = 0 runs

Q ¸2 £ 10¡6 t f

Increasing V
1.01 4.95 136
1.1 4.944 135
2 4.8 191
11 5.77 652

Constant V , V0 D 300
N/A 1.08 N/A

Constant V , V0 D 500
N/A 5.0 N/A

Decreasing V
1.01 1.091 252
1.1 1.092 250
2 1.1219 315
11 0.91 1392

Fig. 1 Velocity vs time for Q = 1:1 (fastest response), 2, and 11.

Fig. 2 Thrust vs time for Q = 1:1 (fastest response), 2, and 11.

Fig. 3 Phase-adjustment parameter ¿ ¤ for Q = 1:1 (lowest curve), 2,
and 11.

Fig. 4 Maneuver duration (tf ¡ t0) vs Q ¡ 1: ——, increasing-V
solutions and – – –, decreasing-V solutions.
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Fig. 5 Linear regression trendline for (tf ¡ t0) vs ¿¤
f .

solutions. Note that out to Q D 2 there is little sacri� ce in response
time.

Figure 5 shows the relationship between t f ¡ t0 and ¿ ¤
f . From

Fig. 5 and regression analysis, it is seen that c0 and c1 in Eq. (28)
are approximately 78.8 and 1.336, respectively,when data from all
increasing-V and decreasing-V runs are treated. Separately, it was
found that for the increasing-V runs that .t f ¡ t0/ ¼ 52.Q ¡ 1/ and
for the decreasing-V runs that .t f ¡ t0/ ¼ 115.Q ¡ 1/.

Figure 6 presents a trendline relating peak j Paj to Q ¡ 1. The
equation of this line (treating all data from increasing-V runs and
decreasing-V runs) is

logj Papeak j D ¡1:354 log.Q ¡ 1/ ¡ 4:315 (44)

Discussion
For short time-horizon TPBV solutions, costate asymptotic sta-

bility may not be required. An example is the receding-horizon
optimal control formulation in which the value of (t f ¡ t0) may
be as small as one sampling interval.2 However for many TPBV
problems, stability issues dominate, often eliminating the calculus-
of-variationsapproach, unless tractable behavior of costates can be
obtained. For initial-value problems, the costate solutions usually
must be asymptotically stable.

This EngineeringNote proposesa time-varyingcostate phase ad-
justmentproceduresuitable for both TPBV and initial-valueformu-
lations. For simplicity of presentation, a one-dimensional example

Fig. 6 Linear regression trendline for logjj_apeakjj vs log (Q ¡ 1).

is illustrated. For multistate systems, one should obtain the matrix
characteristic equation (in terms of a single ¿ ¤, or perhaps a sepa-
rate ¿ ¤ for each state), and guarantee that the real parts of all of the
eigenvalues have suitable polarity for a given � xed t > t0 and that
the same vary suf� ciently slowly.

Conclusions
Costate DEs arising in calculus-of-variations optimization of

guidance and control systems and � ight vehicle trajectories can be
stabilized via introduction of a costate phase-adjustment param-
eter. The stability boundary or boundaries on this parameter can
be derived. If the phase parameter is only slightly greater than the
value required for stabilization, there is little impact on system re-
sponse time.
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